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Introduction Gelfond’s works Generalization in base q

Let ¢ > 2. Let b > 2 such that (b,q — 1) = 1. Every integer n can be uniquely Let ¢ > 2, b > 2. Gelfond [3] proved in 1967/68 that the sum-of-digits function In 2014, Martin, Mauduit, and Rivat [5] determined an estimate for sums of
written as ) sq 1s well-distributed in arithmetic progressions. More precisely, with type Il.
0@
n = anqk, Agly, zy;m,r) = ‘{y <n<z:s¢(n)=a(modbd), n=r(modm)}|, Theorem (Martin/Mauduit/Rivat, 2014). Let « € R/Z. Let (an),eny and
k=0 | (bn)neN be sequences of complex numbers such that for all n > 1, we have
where n,. € {0,...,q — 1} for all k > 0 are the digits which are zero starting he showed that if (b,q — 1) = 1 then, foralla € {0,...,0— 1} and all r € lan| < 1and|by| <1.Letx >2,0<e<1/2,2°<M,N <zand MN < z.
from some finite rank. The sum-of-digits function s, is defined for all n € N by {0,...,m — 1}, we have We set
T T N A o (1 1)(1 \/1 2q1>
i i Ay(0, N;m,r) — —| = O(N") N — 400 qg-—\+t— 7 - - )
g\ ) Y ) Y 3 — 1
sq(n) = s anqk = an bm q (g —1)
k=0 k=0 where | 1 log(4—2v2) 1 log(1—0y)
The following graph gives the behaviour of so(n) for 0 < n < 100. A= : log gsin(m/20) < 1. g = AR <§ B 2log 2 "9 i ELlog2 )
- 2log(q) ~ sin(w/2bq)

. . . . and let R be such that
This result is non-trivial only if m < N172. Vg ©

‘ /1 = 2 max sin (q(a — gt)m) sin (g — t)ﬂ')|
51 ' oo w—e—m Estimates on average teR \/ | sin((o — gt)m)sin (o — ¢)m)
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N . e omme  cmloe we o o we loe e o For larger values of m, in many applications, a result on average on m is g.c = min (6’2_()) min (5 — g, 2(1 — yq)> . (1)
’ sufficient. Estimates of the type
2 o6 @0 «°ee o oo o { J e O { { 5 — Then
Z max  max |Ag(y, z;m,r) — ; y| < z/(logz)", T — +00, Z Z ambne(asq(mn)) < x! =Se g (),
11—we o . . 1<m<z? Zy_’zzg(; Usr<m m M<m<2M N<n<2N
. . . where for all x € R,
S | | | | | for 0 < 6 = 0, < 1 as large as possible, are of great importance. In this o(x) = exp(2imz)
° 20 o, °0 % H0 direction, Fouvry—Mauduit [1,2] proved that 6o = 0.55711 is admissible and it P '
Is possible to have some exponents 6, with 6, — 1 for ¢ — oo. Spiegelhofer showed that Theorem allows to get the estimate:
A natural question that arises is how the sum-of-digits function behaves in arith-
metic progressions J In 2020, Spiegelhofer [6] improved this result in the case of the Thue—Morse Z ‘ Z <_1)82<n) < C’xl_&,e,
' sequence t = ((—1)32<”))n€N which corresponds to the case ¢ = b = 2. He 1<m<D  0<n<z
proved that the level of distribution of the Thue—Morse sequence equals 1, n=0 (mod m)

meaning that 0o = 1 — ¢ with ¢ > 0 arbitrarily small is an admissible exponent
for t. The error term is of the form z!=7 with 0 < n = n(e) < 1 in place of

z/(log z)P.

for0 < e < 1/2 and for D = 2. This is a weaker version of the main result of
Spiegelhofer [6] but the constant &, - is explicit.

The main result

We succeeded in [7] to generalize the result of Spiegelhofer [6] to base-q. Moreover, we propose an explicit value for the exponent 7.
Theorem 1 (T., 2024+)

Let0 < e < 1/2. There exist a constant C' = C(e) > 0 and an exponentn = n(e) > 0 such that

Z max max ’Aq(y, 2,m, ) — - y‘ < Ozt

Y,< TZO bm
1<m<zl—¢0<y<z
Z—yY<x
An admissible value for n is given by ;
e”min (1/4,3log, (P~ 5 561
1) = W/, 8logg (P@D) (=2 (togttae) + ZRED) ) 2
7200 x 81/¢ (log(4q/e) + 5blog(q)/e) 5 €

The main problem in the generalization

A straightforward Python program allows to plot the graph of the logarithm of the quantity defined in (2), seen as a function The idea of Spiegelhofer [6] is to apply the van der Corput inequality (and variations thereof) for an exponential sum a
of e. certain number of times in order to remove digits to reduce the estimate of the exponential sums to estimates of Gowers
norms for the Thue—Morse sequence. In order to follow the path of Spiegelhofer, we proved an estimate for the Gowers
norm for (¢,(n)),>1 defined by
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ty(n) =e gsqm)
—25000 A
The proof of the following theorem is inspired by arguments given by Koniezcny [4].
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Theorem 2 (T., 2024) Let k > 3 and set
—75000 A 1
LI
—~100000 A log(q)
We define
—125000 - 1
Ny ‘= .
—~150000 - log(q)(K + (k 4 1)b)glk+ D +b(k+1))
Then, as p — +o0,
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FIGURE 1- The graph of the function € — logn(e) in ]0.01,0.5] for ¢ = b = 2. 0<ho,....hg—1<q”
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