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Letters and words

We let denote
» A:=1{1,2,..,m} a finite set (alphabet);
» A* the finite words over cA;
P £ € A* the empty word;
For a word X = xq, ..., X;, € A™ and a letter y € A we define

|X]y :=#{j € {1, ...,n}|x; =y}

X1= ) 1K,

YEA
T
1CX) := (X1, X2, ., 1X[m) € Z™
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Substitutions

Let 0 : A" +— A* be a non-erasing morphism
(substitution).

Let M, := (1(a(1)),1(6(2)), ...,1(d(m))) € R™™ be
the incidence matrix. We have 1(a(W)) = M¢ - 1(X) for
all X e A*

We require o to be primitive: there exists a positive
integer n such that M? is strictly positive.

We denote by 6 the (real) Perron-Frobenius eigenvalue of
M, (ie., 8 > 1) and by v € Q(6)™ a strictly positive left
eigenvector with respect to 6.

We define

AX) : A" > R X — (1(X), V).
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Prefix graph

Let o be a substitution over the alphabet A. We define the
following graph known as prefix graph.

P The set of vertices is A.
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Prefix graph

Let o be a substitution over the alphabet A. We define the
following graph known as prefix graph.

P The set of vertices is A.

P For each x € A the outgoing edges are defined as follows:

Let o(X) =X1X3 *** XpXp41 =" Xn
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Prefix graph

Let o be a substitution over the alphabet A. We define the
following graph known as prefix graph.

P The set of vertices is A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqXg *** Xg Xp 1 *** Xp:
~————_—

Pk
For each k € {0, ...,n — 1} we have an edge
(ProXic+1)
X Xi+1-
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Prefix graph

Let o be a substitution over the alphabet A. We define the
following graph known as prefix graph.

P The set of vertices is A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqX3 *** Xp X1 *** Xp:
~————_—

Py
For each k € {0, ...,n — 1} we have an edge

(PrXie+1)
Xk+1-

For a vertex x € A the outgoing edges can be ordered with
respect to <:

(D1,¥1) < (D2,¥2) © |D1] < |Dz| (& Dy is a prefix of D,).
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Prefix graph

Let o be a substitution over the alphabet A. We define the
following graph known as prefix graph.

P The set of vertices is A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqX3 *** Xp X1 *** Xp:
~————_—

Py
For each k € {0, ...,n — 1} we have an edge
(PrXke+1)
X Xk+1-
For a vertex x € A the outgoing edges can be ordered with
respect to <:

(D1,¥1) < (D2,¥2) © |D1] < |Dz| (& Dy is a prefix of D,).

The maximal vertex is (X1 *** Xp—1,Xn)-
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Dumont-Thomas numeration

Theorem (Dumont-Thomas, 1989)

Let x € A. Then for each y € [0; A(X)) there exists a unique
walk in the prefix graph (Dj,X;)j>1 that starts in x such that
(Dj,x;) is not the maximal edge for infinitely many indices

J € N that satisfies

y=) AD;)077 (o, X)—expansion.
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Inverse Letters
We let denote
> A:= {T,Z ..., m} the set of “inverse letters”;
» A the finite words over A:

For a word X = Xy, ..., X;; € A" we let
X = in, ""il'
JE—
For a word X = X4, ...,X, € A and a letter y € A we define

X, = — #{j € {1, ...,n}|x; = ¥}

X1 = ) IX,,

YEA
T
1CX) := (X1, X2, .., 1X|m)” € Z™
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Coding prescriptions

Coding Prescription

A coding prescription (with respect to o) is a function ¢ with
domain A that assigns to each letter a finite set of integers
such that

P for all x € A we have —|a(X)| < k < |a(x)| for all
k € c(x).
P c(x) is a complete set of representatives modulo |o(X)]

for all x € A, that is #c(x) = |o(x)| and for all
k,k' € c(x) with k # k' we have k £ k' mod |oc(X)|;
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Coding prescriptions

Coding Prescription

A coding prescription (with respect to o) is a function ¢ with
domain A that assigns to each letter a finite set of integers
such that

P for all x € A we have —|a(X)| < k < |a(x)| for all
k € c(x).
P c(x) is a complete set of representatives modulo |o(X)]

for all x € A, that is #c(x) = |o(x)| and for all
k,k' € c(x) with k # k' we have k £ k' mod |oc(X)|;

For a primitive substitution o and a coding prescription ¢ wrt,
o we call the pair (g, ¢) a setting.
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Associated graph

With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.
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Associated graph

With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =X1X3 *** XpXp4+1 =" Xn
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Associated graph
With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqXg *** Xg Xje i1 *** Xp:
P
k
For each k € c(x), k = 0 we have an edge
(ProXkc+1)
X Xie+1-
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Associated graph
With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqXg *** Xj Xpeg1 *** Xp:
P
k
For each k € c(x), k = 0 we have an edge
(PrXk+1)
Xe+1-

(Prexrc) - —
For each k € c(x), k > 0 we have an edge x — Xx;,.
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Associated graph
With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqXg *** Xg Xpeg1 *** Xp:
P
k
For each k € c(x), k = 0 we have an edge
(PrXk+1)
Xe+1-

(PreXpe)  _
For each k € c(x), k > 0 we have an edge x — X.

» For each X € A the outgoing edges are defined as follows:

Let a(X) =X_p *** Xg—1Xk *** X_2X_q

Paul Surer A generalised Dumont-Thomas numeration

/ 26



Associated graph

With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqX3 *** Xp Xpeg1 *** Xp:
S —

Py
For each k € c(x), k = 0 we have an edge
(ProXic+1)
Xk+1-

(PrXi)  _
For each k € c(x), k > 0 we have an edge x —— X.

» For each X € A the outgoing edges are defined as follows:

Let a(X) =X_p *** Xpo1 Xp =" X_gX_1:
[ —

Sk
For each k € c(x), k < 0 we have an edge

- (gr;k—l) —
X— Xj-q.
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Associated graph

With a setting (o0, ¢) we associate the directed graph G,
P The set of vertices is A U A.

P For each x € A the outgoing edges are defined as follows:

Let a(X) =XqX3 *** Xp Xpeg1 *** Xp:
S —

Py
For each k € c(x), k = 0 we have an edge
(ProXic+1)
Xk+1-

(PrXi)  _
For each k € c(x), k > 0 we have an edge x —— X.

» For each X € A the outgoing edges are defined as follows:

Let 0(X) =X_p *** X1 Xp *** X_gX_1:
[ —
Sk
For each k € c(x), k < 0 we have an edge
— SrXk-1) _
X ——— Xjp_q-

— (S_k,Xk)
For each k € c(x), k < 0 we have an edge Xx — x,.
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Ordering of edges

We define < on the outgoing edges of a vertex X € A U 4 of
Gy e

(Dyy1) < (Dyryy) & |D1| < |D| if Dy # Dy,
1 Y1 2 Y2 .
ly1] <lyz| if Dy = D,.
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Prefix graph

(M)

(@

Paul Surer

(11,2)

0:1~»112,2- 3,3~ 1

1
1P
1

1

(1)

Example

0,1,2}, 2w {0},
{—=2,-1,0}, 2 {0},
(-1,0,1}, 2+ {0},
(=2,0,2}, 2+ {0},
(&3)

A generalised Dumont-Thomas numeration

3~ {0}
3~ {0}
3~ {0}
3~ {0}
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Example

c:1~112,2- 3,3~ 1

c: 1~-{0,1,2} 2 {0}, 3+~{0}
c1: 1+»{=2,-1,0}, 2~ {0}, 3+~ {0}
c;: 1-{-1,0,1}, 2-{0}, 3~ {0}
cz: 1-{-2,0,2}, 2~{0}, 3~ {0}

GO’,Cl
Prefix graph
(1)
(1)
(@
(11,2) (&,3)
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Example

c:1~112,2- 3,3~ 1

c: 1~-{0,1,2} 2 {0}, 3+~{0}
c1: 1»{-2,-1,0}, 2= {0}, 3= {0}
¢ 1+-={-10,1}, 2w-{0}, 3= {0}
cz: 1-{-2,0,2}, 2~{0}, 3~ {0}

GO’,CZ

Prefix graph
(1)

(&M
(11% Ci 5 :C
(11,2) (&3)
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Example

c:1~»112,2- 3,3~ 1

c: 1-{0,1,2} 2 {0}, 3+={0}
¢ 1-={-2,-1,0}, 2~ {0}, 3+~ {0}
¢t 1-»{-1,0,1}, 2-{0}, 3= {0}
cz: 1+-{=2,02}, 2w-{0}, 3= {0}

GO',C3
Prefix graph
(1)
(1)
(@
(11,2) (&,3)
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Induced sets

We are interested in the (infinite) walks on G, . and define for
eachx € AUA

I(x) = ZA(DJ-) 0~ : (Dj,x;) is a walk that starts in x
=1

The set list {I(x) : x € A U A} is fixed by a graph directed
iterated function system.
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Induced sets

We are interested in the (infinite) walks on G, . and define for
eachx € AUA

I(x) = ZA(DJ-) 0~ : (Dj,x;) is a walk that starts in x ¢
=1

The set list {I(x) : x € A U A} is fixed by a graph directed
iterated function system.
For all x € A we have

I(x) € [0,A(X)],
1(X) € [-A(x), 0].

The exact structure of I(x) is determined by the coding
prescription.
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Special types of settings

Continuous setting We say that the setting (o, c) is
continuous if

Vx € A : c(x) is a set of consecutive integers.

(CS)
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Special types of settings

Continuous setting We say that the setting (o, c) is
continuous if

Vx € A : c(x) is a set of consecutive integers.
(CS)
Even setting We say that the setting (o, c) is even if

VXEA:|loc(x)| =1 mod 2 and c(x) c 2Z.
(ES)
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Structure of I(x)

Theorem
Let o be a primitive substitution and ¢ be a coding prescription
wrt. g. Then the following items hold for all x € A.
» If (ES) holds then we have I(x) = [0,4(x)] and
169 = [-A(x), 0].
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Structure of I(x)

Theorem
Let o be a primitive substitution and ¢ be a coding prescription
wrt. g. Then the following items hold for all x € A.
» If (ES) holds then we have I(x) = [0,4(x)] and
169 = [-A(x), 0].
» 1(x) U (A(X) + (X)) = [0,A(x)] where the union is
disjoint wrt. the 1-dimensional Lebesgue measure if and
only if (ES) does not hold.
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Structure of I(x)

Theorem
Let o be a primitive substitution and ¢ be a coding prescription
wrt. g. Then the following items hold for all x € A.
» If (ES) holds then we have I(x) = [0,4(x)] and
169 = [-A(x), 0].
» 1(x) U (A(X) + (X)) = [0,A(x)] where the union is
disjoint wrt. the 1-dimensional Lebesgue measure if and
only if (ES) does not hold.

» If (CS) holds then I(x) and I(X) are intervals.
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Example

c:1~1121123,2 > 1,3 » 112

COE? - %O’}LZ’&‘L 5,6} m P ! -’
c(2) = 0 ~
0@ = {012} e &
- 13
(CS) satisfied & 3 0 A3)
c(1)= {=6,—5,—4,-3,-2,-1,0} M /\(:T) 0 A(“l)
c2= {0} 5
c@= {-2,-10} o o]
(CS) satisfied 13 A3) 0 A3)
‘O Lprrrerd o b :
c(2) = 0 _
c® = {0,1,2} I(z) A(;_-T(‘Z)
(CS) satisfied 13 G A3

Paul Surer A generalised Dumont-Thomas numeration
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Example

o:1»1121123,2 - 1,3 » 112

_ AT) A
c() = {-5-4,-1,0,1,4,5} IMm 1
c= {0} 12) o
cB) = {-2,02} 1) F
A3) 0 A(3)
_ ,\(E) A
c()= {-6,-5,0,3,4,5,6} I r 1
c= {0} 12) Nt
c®= {012} 13) —i
A3) A3)
c()= {-6,-4,-2,0,2,4,6} M P 2 s
c@ = {0} _
12
c@= {-2,02) @ & o
isfi 13 —
(ES) satisfied A 5 1 o
Paul Surer A generalised Dumont-Thomas numeration

I(1)
12)
13)

I(1)
12)
I3)
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12)
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Generalised Dumont-Thomas numeration

If I(x) = [a, B] is an interval then we let denote I(x) = [a, §)
the corresponding right-open interval.
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Generalised Dumont-Thomas numeration
If I(x) = [a, B] is an interval then we let denote I(x) = [a, §)
the corresponding right-open interval.

Theorem .
Let (o, c) satisfy (CS) of (ES) and x € A U A. Then for each

y € I(x) there exists a unique walk (D},x;)j»1 in G(o,¢) that
starts in x such that (Dj,x;) is not the maximal edge for
infinitely many indices j € N that satisfies

y = Z A(Dj) 67 (o, c,x)—expansion.
j=1

Paul Surer A generalised Dumont-Thomas numeration

17 / 26



Generalised Dumont-Thomas numeration

If I(x) = [a, B] is an interval then we let denote I(x) = [a, §)
the corresponding right-open interval.

Theorem

Let (o, c) satisfy (CS) of (ES) and x € A U A. Then for each
y € I(x) there exists a unique walk (D},x;)j»1 in G(o,¢) that
starts in x such that (Dj,x;) is not the maximal edge for
infinitely many indices j € N that satisfies

y = Z A(Dj) 67 (o, c,x)—expansion.
j=1

Let ¢y be the coding prescription (wrt. ¢) that assigns to each
letter a set of non-negative integers. Then for each x € A we
have I(X) = {0}, I(x) = [0,A(x)] and for each y € I(x) the
(0, cg, x)—expansion corresponds to the (o, x)—expansion.
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Periodicity and Finiteness

Define the following properties for a setting (o, c) that
satisfies (CS) or (ES).

For all x € AUA,y €1(x) N Q(O) :

the (o, ¢,x)—expansion is eventually periodic; (P)

For all x € AU A,y € [(x) N Z[A(1,A(2), ..., A(M)] :

the (o, ¢,x)—expansion is a finite sum. (F)
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Periodicity and Finiteness

Define the following properties for a setting (o, c) that
satisfies (CS) or (ES).

For all x € AU A,y € I(x) N Q(H) :

the (o, ¢,x)—expansion is eventually periodic; (P)

For all x € AU A,y € [() N Z[A(T, A(2), ..., A(M)] :
the (o, ¢,x)—expansion is a finite sum. (F)

Theorem
Let (o,cq) and (o, c;) satisfy (CS) of (ES). Then

(0, cq) satisfies (P) & (o, c,) satisfies (P),
(0, c,) satisfies (F) & (o, ¢,) satisfies (P).
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Generalised beta-expansion

Let 6 € [0,1), B > 1 and define the generalised
beta-transformation

Tpo:[~6,1—8) — [~6,1—8),y — By — By +6l.

Fory € [—6, 1—-0) let dﬁ’g(]/) = (d])]zl with
j—1 j
dj=PBTgs (v) —Tps(¥).
Then we have

Yy = zdjﬁ_j ((B, 8)—expansion).

j=1

Paul Surer Relation with generalised beta-expansions
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Generalised beta-expansion

Let 6 € [0,1), B > 1 and define the generalised
beta-transformation

For Y € [—5, 1- 6) let dﬁ’g(]/) = (d])]zl with

- .

dj=p T/]z,a ) - T[]e,a()/)-
Then we have

y = z A, ((B,8)—expansion).
=1

The case § = 0 corresponds to the (classical) beta-expansion
(Rényi 1957).
The case § = 1/2 corresponds to the symmetric
beta-expansion by (Akiyama-Scheicher 2007).
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Generalised beta-substitution

Define the left-continuous counterpart of T p:

Tgs:(=6,1=6]— (=6,1=8Ly— By + |-y +1-4]

and for y € (=6,1 — 6] let dp 5(¥) := (d}) 21 with
d;=BT;5 () — T ).

We suppose that
> dgs(—6) is eventually periodic and consist of
non-positive integers only;

> dz{‘s(l — 0) is eventually periodic and consist of
non-negative integers only.

Paul Surer Relation with generalised beta-expansions
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Generalised beta-substitution

W.l.o.g we may assume that dgg(—6) and d(*w(l — ) have
the same pre-period and the same period:

w
dgs(—08) = —t1,...—t, (—eqﬂ,...,—eqﬂ,)w,
dg‘a(l—é‘) = Tqyeen, rq,( rq+1,...,—rq+p) ,
1) es g T Tgep = 0.
We define the substitution g 5 over the alphabet
A ={1,..,m =p+ q} and the coding prescription cg wrt
0'[;’5.

1 1(x+ 111 ifxe{l,...m—1},

ogs(x) =< ™* {}x
p.5(x) 1--1(@+ D11 ifx=m,
Ty x

cs(X) ={—2y, .., I }-

Paul Surer Relation with generalised beta-expansions
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Generalised beta-expansions

Theorem
The substitution g s is primitive and the dominant root
coincides with 8, i.e 8 = B. If we normalize the left
eigenvector v such that we have 1(1) = 1 (i.e. the first entry
of v equals 1) then
> I(1) = [—6,0] and for each y € I(1) the B, 5—expansion
coincides with the (gg s, cs, 1) expansion;
» 1(1) =[0,1 — 6] and for each y € I(1) the
B, 6—expansion coincides with the (g s, cs, 1) expansion.

Paul Surer Relation with generalised beta-expansions
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Example

Let B be the dominant root of t3 — 2t — 1 and § = 0.

dp0(0) =(0) = (0,0,0)°
dj0(1) =(2,0,0)°

Paul Surer Relation with generalised beta-expansions
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Example

Let B be the dominant root of t3 — 2t — 1 and § = 0.

dg0(0) =(0) = (0,0,0)®
d o(1) =(2,0,0)

We define
ago i1+ 112 co:1+-{0,1,2}
2-3 2 - {0}
3k 1 3+ {0}
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Example

Let B be the dominant root of t3 — 2t — 1 and § = 0.

dp0(0) =(0)* = (0,0,0)°
dj0(1) =(2,0,0)°

We define
ago i1+ 112 co:1+-{0,1,2}
2-3 2 - {0}
3k 1 3+ {0}

For each y € [0,1) the (5, 0)—expansions corresponds to the
(08,0, Co, 1) expansion (cf. Fabre 1995).
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Example

Let B be the dominant root of t3 — 2t?2 — 1 and § = 1/2.

dpap(=1/2) == (=1,0,00¢
d;;,1/2(1/2) =(1' 0, O)w
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Example

Let B be the dominant root of t3 — 2t — 1 and § = 1/2.

dpy(=1/2) == (=1,0,0)¢
d;§,1/2(1/2) =(1, O' O)w

We define
0g1, 21— 121 Cip i1 P {-1,0,1}
23 2> {0}
31 3~ {0}
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Example

Let B be the dominant root of t3 — 2t — 1 and § = 1/2.

dpy(=1/2) == (=1,0,0)¢
djlk;g/z(l/z) =(1, Or O)w

We define
0g1, 21— 121 Cip i1 P {-1,0,1}
23 2> {0}
31 3~ {0}

For each y € [0,1/2) the (B, 1/2)—expansions corresponds to
the (03,0, €175, 1) expansion.

For each y € [—1/2,0) the (B, 1/2)—expansions corresponds to
the (ap,, cl/Z,T) expansion.
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Example

Let g = 5+;/ﬁ and5=%.

dgs(—6) =—2,(-2,-1)¢
dps(1—06) = (2 DN® =2,(1,2)®
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Example

Let § = 5+;/ﬁ and5=%.

dg,s(—8) = =2,(—2,—1)®
dys(1—8) = (2,1) =2,(1,2)®

We define
ogs i1 11211 cs 1= {-2,-1,0,1,2}
2 1311 20 {-2,-1,0,1}
3+ 1121 3+ {-1,0,1,2}
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Example

Let § = 5+;/ﬁ and5=%.

dg,s(—8) = =2,(—2,—1)®
dys(1—8) = (2,1) =2,(1,2)®

We define
ogs i1 11211 cs 1= {-2,-1,0,1,2}
2 1311 20 {-2,-1,0,1}
3+ 1121 3+ {-1,0,1,2}

For each y € [0,1 — &) the (f, §)—expansions corresponds to
the (gp,5,¢s,1) expansion.

For each y € [—4,0) the (S, §)—expansions corresponds to
the (03,5, Cs; 1) expansion.
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The end

Thank you for your attention!

Thank you for your interest!
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