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Numeration system

Let pbe a prime, D={0,1,...,p—1},and a > 1.

Let Q € Z[x, y] such that Q(0,0) # 0 mod p.
g has a series expansion modulo p®.

Base—% representation with digits Ty € D|x, y]:
(To + T C% + 71> (%)2 + o Toq (%>a71>0pa_171 mod p®

Example
Letp=2,a=2, Q=1+ x+ xy?,

S =1+3x%+ (3+2x+3x%)y + 2xy2 + x2y* + x2y° € (Z/AZ)[x, y].

Then S= (1+y)+(x+y+xy)3)Q mod 4.
Its digits are 1 + y and x + y + xy.

To obtain a finite set of kth digits, require deg T < c(k + 1).
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S= <To + Ty (% +o 4 Toq (%)a_1>apai1f1 mod p*

Not every polynomial S has a representation.
Necessary condition: S = ToQ*"~'~! mod p

Proposition
If S has a representation, then this representation is unique.

Proof: Assume
(To+Tif+ -+ Ty (5O
= <U0 + U; % + 4 Uy o <%>Q_1> Qpa71_1 mod p%.

Then ToQ”" '~ = UgQ** ™'~ mod p, s0 Ty = Up.
Also

ToQ% T+ Tip@" 2 = Up@Q”" T+ UipQP" 2 mod p?,
which implies Ty = U;. And so on.
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S= <To + Ty (% +o 4 Toq (%)a_1>apai1f1 mod p*

Perform carries if a coefficient doesn’t belongto D = {0,1,...,p—1}.
Suppose T ¢ D|[x, y]. Quotient by p:
S= (4T (8) + Tt (B ++) @7 mod p°
+

:(...+(R pU)(@) +Tk+1 <%>k+1+ ”>Qpa7171
= (4 A (B) 4+ (UkQ+ Tieyr) (§) " )7,

The set of representable polynomials in (Z/p*Z)|x, y] is closed under
addition and scalar multiplication.

Why is this numeration system natural?
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Theorem (Christol 1979/1980)

A sequence s(n),>o of elements in ¥ is algebraic if and only if it is
g-automatic.

Example

g=3, s(Mn»=11,2220,002221,1,1,00,...

The generating series F = ano s(n)x" satisfies xF? +2F +1 = 0.
This automaton outputs s(n) when fed the base-3 representation of n:

‘K®T + ]
e
@ ’ s(11) = s(1023) =1
:® R onjz
Catalan numbers C(n)p>o = 1,1,2,5,14,42,... xy? -y +1=0

Catalan numbers modulo 3: 1,1,2,2,2,0,...

What about C(n) mod p*?
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Catalan numbers modulo 4: 1,1,2,1,2,2,0,1,2,2,0,2,0,0,0,1,...
Theorem (Eu-Liu—Yeh 2008)

Foralln> 0,
1 ifn=2%—1 forsomea>0
C(n)mod4 =142 ifn=2°422_1 forsomeb>a>0
0 otherwise.

In particular, C(n) # 3 mod 4.

Yy
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Catalan numbers modulo 8: 1,1,2,5,6,2,4,5,6,6,4,2,4,4,0,5, ...

Theorem 4.2. Let C,, be the nth Catalan number. First of all, C,, #g 3 and C,, #g 7 for any n. As
for other congruences, we have

1 ifn=0o0rl;

2 ifn=2%+2*""_1 for some a > 0;
C. = 4 ifn=2°+2"4+2°—1forsomec>b=>az>0;
n=815 if n=2%—1 for some a > 2;
6 ifn=2°+2"—1forsomeb—2>a>0;
0 otherwise.
\oy_
0(® 1
4® - 0" A(?\A‘ /@401
o o @: 11’?)»:)
0 @
A 7ol

Why are these sequences 2-automatic?
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Theorem (Denef-Lipshitz 1987)

A sequence s(n)y>q of elements in 7Z/p“Z is p-automatic if and only if
> n>0 S(Mx" = F mod p* for some algebraic series F € Zp[x].

Zp is the set of p-adic integers.

How big is the automaton for (C(n) mod 2%),>¢?

o1 2 3 4 5 6 7 8 9
#states |5 6 15 37 83 194 445 1034 2403

Suggested asymptotics: ppolynomial function of «

Upper bound from the construction: p#* ™" «hd
height h = deg, P
degree d = deg, P P xy?—y+1

Why is the bound so large?
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C(n) mod 4:

a2
o X . ®v
@« |4 o
1 74 @ 4
[
i 1
14
" A)

0/ 1

Each state is represented by a polynomial:
So=1+2x+x2+(1+3x)y +2xy + (x + 2x2)y® + 3x2y* + 2x%y°
Si=1+2x+x2+ (2x +2x%)y 4+ 2x%y3 + 3x2y*
So=1+3x+(3+3x)y+xy®+xy°

Sz =2+ 2x + 2xy?

Sis =14 3x+2xy + 3xy?

S5=0

What'’s special about these polynomials?
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(C(n) mod 4),>¢ projects to (C(n) mod 2),>¢.
The corresponding automata project to each other. ..
mod 8: o mod 16:

1 y 2
fode—o il ® @,
@ @ &y.&‘*,;. A >
T A W4& {
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The states should project to each other too. ..

C(n) mod 2: "
So=1+x+y+xy? i 0.
S;=1+x+xy? o i
Sh=1+y '

Sy=0 N,
Sy =1 ®

C(n) mod 4:

So=142x+ x4+ (1 +3x)y +2xy? + (x + 2x2)y® + 3x2y* + 2x2)°
Si=1+2x+x%+ (2x +2x%)y 4+ 2x%y3 + 3x2y*
So=1+3x+(3+3x)y+xy2+xy°

Sz =24 2x + 2xy?

Sy =1+ 3x +2xy + 3xy?

S5=0
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The states should project to each other too. ..

C(n) mod 2: )
e

So=1+x+y+xy? T )
/ 2
S: =1+Xx+xy & (
82 - 1 -1-}/
Sé - O ' \ . r@ ﬂ\
g @

4 1
C(n) mod 4: Reduce modulo 2....

(1+x+y+xy>)(1+x+xy?) mod 2
(14 x+xy%)2 mod 2
S _(1+y)( + X+ xy?) mod 2

S3=0 mod2
Si=1+x+xy> mod?2
S5=0 mod?2

They're all divisible by 1 + x + xy? modulo 2!
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The states should project to each other too. ..

C(n) mod 2: )
o
So=1+x+y+xy° T )
/ 2
S:_1+x+xy & [
8221-1-}/
S, =0 A o
i =1 @
C(n) mod 4: Reduce modulo 2... Q=1+x+xy?
So=(1+x+y+xy*)Q mod 2

Sy=(1+x+xy2)Q mod?2

S=(14+y)Q mod2

S3=0-Q mod?2

Si=1-Q mod?2

S5=0-Q mod?2

They're all divisible by 1 + x + xy? modulo 2!
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The states should project to each other too. ..

C(n) mod 2: )
@ .

So=1+x+y+xy? T )
S) =1+ x+xy? o [
Sh=1+y '
Sé - O ' \ o V@ ﬂ\

' @

4 +
C(n) mod 4: Base-5 representations: Q=1+x+xy?

Sof(( FX Y+ X7 + (xy + XY+ Xy + XPy 4+ X%y%)2)Q  mod 4
(1 +X+XY) (x+X)y + (x +x2)y? + X°y° + x*y*)5)Q mod 4
(1 +(x+(1+x)y )%)Q mod 4

(0+(1+x+xy%)%)Q mod 4

(1+ x+xy+xy)2)Q mod 4

Ss:(0+0(%)0 mod 4

The 0th digit gives the projected state modulo 2.

Eric Rowland Base-p/ Q structure of states in automata 202464 14/16

83—



Where does Q come from?
If F =3, s(n)x" satisfies P(x,F) =0, let Q = P(xy,y)/y-

Catalan: P=x(y +1)2 —(y+1)+ 1,80 Q = xy? + 2xy + x — 1.

If s(n)n>0 is an algebraic sequence of integers, then every state in the
automaton for (s(n) mod p*),>o has a unique base—% representation

(To+Ti§+T2(B)2++ Tac (§)°7") @'

where Ty € D[x,y] foreachk € {0,1,...,a—1}.

v

We have bounds on deg, Ty and deg, T. D={0,1,....p0—1}

Much better upper bound:

(14 o(1)) psalatt)(2nd—1)athd+1)
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