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The greedy representation of x € [0,1) in the system B is
the lexicographically greatest sequence d(B, x) = x1xox3--- such that

X_Zﬁlﬂz“'ﬁk’ el

k>1
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The greedy representation of x € [0,1) in the system B is
the lexicographically greatest sequence d(B, x) = x1xox3--- such that

X_Zﬁlﬂz“'ﬁk’ el

k>1
classic fx=p€N CC+CD Ok €R
Cantor (€N alternate base B = (f1,...,0p)*
Rényi  Br=p€R shifts dd(B) = (Bis1s-- -, Bivp)”
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Alternate base B = (f1,...,0p), d = H?:1 Bi

Per(B) = {x € [0,1) : d(B, x) is eventually periodic } J

Per(B) € Q(B1, -, Bp)-

Theorem (Schmidt 1980)

Let g > 1.
Q If QNJ0,1) C Per(p), then 3 is Pisot or Salem.
@ If 3 is Pisot, then Per(8) = Q(8) N[0, 1).
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Theorem (Charlier, Cisternino & Kreczman 2022)
Let B = (b1, B2, ..., 0p) be an alternate base, & = [[;_, ;.

@ /fQnNJ0,1) C Per(c/(B)) for all j € N, then
d is Pisot or Salem and f3; € Q(0) for all i € N.

@ Ifd is Pisot and 3 € Q(0) for all i € N, then
Q(6) N [0,1) = Per(c?(B)) for all j € N.
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Theorem (Charlier, Cisternino & Kreczman 2022)
Let B = (b1, B2, ..., 0p) be an alternate base, & = [[;_, ;.

@ /fQnNJ0,1) C Per(c/(B)) for all j € N, then
d is Pisot or Salem and f3; € Q(0) for all i € N.
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Theorem (Charlier, Cisternino & Kreczman 2022, M. & P. 2024)
Let B = (f1,02,...,53p) be an alternate base, 6 = Hf:l B;.

Q@ /fQnN[0,1) C Per(B), then
d is Pisot or Salem and f3; € Q(0) for all i € N.

@ Ifd is Pisot and B; € Q(0) for all i € N, then
Q(6) N [0,1) = Per(c?(B)) for all j € N.
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HODIOLRONYE!
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Determinant is monic in Z[d] Determinant is a polynomial in Z[d],

leading coefficient s1...5,_11p

16 /37



1 33 n dai
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hi(8) h3(8) h3(d) 1 hL(8) hL(5) hb(5)
(h%(rS) h§(6) h§(6)> (‘H&) = (8) h3(3) hz(a) h2(5) (ﬁﬂs) = (8)
h3(8) h3(8) h3(6) ) \F3P2 0 13 (5) W3(5) W(5) ) \B32 0
Determinant is monic in Z[d] Determinant is a polynomial in Z[d],
leading coefficient s1...5,_11p
Theorem

For any & > 0 there exists A; € N such that for any A > Ay, the interval
(A, A(1+¢)) contains at least one rational prime.
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LetB:(/Bl;---,Bp) and 6 = ?:1Bi-

Y(B) =sup{v:Vx€[0,r)NQ, d(B,x) purely periodic} >0
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LetB:(ﬁl,...,BP) and 6 = ?:1Bi-

Y(B) =sup{v:Vx€[0,r)NQ, d(B,x) purely periodic} >0

Theorem

v(B) >0 = § Pisot or Salem unit, 5; € Q(6) fori=1,...,p.

Theorem

§ Pisot unit with F = ~(o?(B)) >0 fori=j,...,p.
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LetB:(ﬂl,...,BP) and 6 = ?:1Bi-

Y(B) =sup{v:Vx€[0,r)NQ, d(B,x) purely periodic} >0

Theorem

v(B) >0 = § Pisot or Salem unit, 5; € Q(6) fori=1,...,p.

Theorem

§ Pisot unit with F = ~(o?(B)) >0 fori=j,...,p.

Class of bases with (B) = 1:
§>1rootof x2—(m+1)x—1, m>1, 51=5%;1, B2 =06—1.
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2 =0.(285714)~

22/37



2 =0.(285714)~

285
714
999
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2 — 0.(285714)~ 5 = 0.(2173913043478260869565)
285 21739130434
714 78260869565

999 99999999999
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2 — 0.(285714)~ 5 = 0.(2173913043478260869565)
285 21739130434
714 78260869565
999 99999999999

Theorem (Midy)

Let g > 5 be prime. lfﬁ—’, € (0,1) has the minimal period of even length
then the sum of the first and the second half of the period is a number
whose decimal expansion uses only the digit 9.
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E.g. golden ratio 7 = (1 4+ v/5):

(%)T = 0.(00101000)>, (%)T = 0.(00010010101001001000)*
0010 0001001010
1000 1001001000
1010 1010101010

=7r4-1 =701
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E.g. golden ratio 7 = 3(1+ v/5):

(%)T = 0.(00101000)>, (%)T = 0.(00010010101001001000)*
0010 0001001010
1000 1001001000
1010 1010101010

g € N has the Midy property in base 3 if

dp € N, p < g coprime with g, such that
° (5)5 =0.(c1c2 -+ con)¥ where 2n is the shortest period; and

e x+y=p"—1where (x)g=c1c---¢crand (y)3 = Cor1Cnt2- - C2n.
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Let 8 have the minimal polynomial

f(X) - Xd - Cdfl)<d_1 — Cd,2)<d_2 — e — C1X —Q € Z[X]

The companion matrix of (3 is

00 0 o

1 0 0 c1
C: .

00 0 cyo

00 1 Cd—1

C has eigenvalue 3 to the eigenvector (1,3,...,89 1T,
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Necessary condition:

Theorem

Let C € 79%9 be the companion matrix of an algebraic integer 3 > 1 of
degree d. If g € N, g > 2, has the Midy property in base 3, then there
exists N € N, N > 1 such that CN = —| mod q.
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Necessary condition:

Theorem

Let C € 79%9 be the companion matrix of an algebraic integer 3 > 1 of
degree d. If g € N, g > 2, has the Midy property in base 3, then there
exists N € N, N > 1 such that CN = —| mod q.

Sufficient condition for the golden ratio:
Theorem

Let C=(91), g€ N, q > 2. If there exists N € N, N > 1 such that
CN = —1 mod g, then q has the Midy property in base T.
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For the golden ratio CNV = (9 %)N = (F,"_ilgl F5N1>'
+

Condition CN = —/ mod g is equivalent to g|Fy, q|Fn+1 + 1.
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For the golden ratio CV = (9 %)N = (Fﬁlgl F?L)'

Condition CN = —/ mod g is equivalent to g|Fy, q|Fn+1 + 1.

Theorem
Let g e N, g > 2.
@ Ifq is a divisor of Fa,_1 for some n € N, n > 3, then q has the Midy
property in base T.
@ If q is a multiple of Fy, for some n € N, n > 3, then q does not have
the Midy property in base T.
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For the golden ratio CV = (9 %)N = (Fﬁlgl F?L)'

Condition CN = —/ mod g is equivalent to g|Fy, q|Fn+1 + 1.

Theorem
Let g e N, g > 2.
@ Ifq is a divisor of Fa,_1 for some n € N, n > 3, then q has the Midy
property in base T.

@ If q is a multiple of Fy, for some n € N, n > 3, then q does not have
the Midy property in base T.

Sloane’s On-Line Encyclopedia of Integer Sequences A001177:

a(m) the smallest in N such that m divides F,(p).
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Theorem

Let g > 2 be a prime, g =5 or q=+2 mod 5. Then q has the Midy
property in base T.

Theorem

Let g € N be a prime such that g = 11 mod 20 or ¢ = 19 mod 20. Then
q does not have the Midy property in base T.
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5= %(3 ++/13), root of x? —3x — 1, d(1) = (30)*
d(5’%) = (020130220110)~

020130

220110

240240
303030
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5= %(3 ++/13), root of x? —3x — 1, d(1) = (30)*
d(5,%) = (020130220110)~

020130
220110
240240
303030

B= (5,6 —1), d*(B,1) = (10)*

d(B, 1) = (000200010300020200010100)

000200010300
020200010100
020400020400
101010101010
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Thank you!

37/37



	Cantor real bases

