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Expansions in non-integer bases are pioneered by Rényi and Parry in
1957-1960.

Given m € N, a base 8 € (1, m+ 1] and x € R, a sequence
w = (Wy)n>1 € {0,1,--- ,m}V is called a B-expansion of x if

x =mg(w) = m:

e x has a B-expansion iff x € [0, 37].
e An x may have many (-expansions or have a unique one.
Unique expansions have attracted a lot of attention in the last four

decades: Allouche, Baker, Clarke, de Vries, Erdos, Frougny, Glendinning,
Horvath, Jod, Kalle, Komornik, Kong, Li, Loreti, Li, Sidorov, ...
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Background

Thue-Morse sequence and Komornik-Loreti constant

The famous Thue-Morse sequence (t,)n>0 is
0110 1001 1001 0110 1001 0110 0110 1001 ---.
The shifted Thue-Morse sequence (t,)n>1 is
1101 0011 0010 1101 0010 1100 1101 0011 ---.
Let 0:=1and 1:=0. Then (t,)n>1 can be defined by
tp =1,
titr = tf = 11,
titatsts = titrfif | = 1101,
titatstatstotsty := titatstafifatsts = 11010011,
The classical Komornik-Loreti constant is the unique g € (1,2) s.t.
<
=kl
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Generalization: For k € {0,---, m} denote k := m — k.
For m,ge Nand 0;,--- ,0,€ {0,---, m} with 64 # 0, define the
(m; 61, ,04)-Thue-Morse sequence § = (0,)n>1 by

O b = 010,005,
(‘)1"'94(7 = 9 €2q 91 92q 5
Or - bgqg = 01Oy Hl"'H4q+a

These sequences were previously studied by Allouche, de Vries,

Komornik, Kong, Li, - - in different terms.
The (m; 01, - -, 04)-Komornik-Loreti constant is the unique [y
e(l,m+1)st
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For any (m; 61, -- ,6,)-Thue-Morse sequence 6 = (6;);>1 and

B e (1, m+ 1], we call
[eS) 9,7
ms(0) IZ@
n=1

the B-(m; 61, - ,64)-Thue-Morse number.

Question: When will this expansion be unique?

greedy (maximal among all the 3-expansions of x)

lazy (minimal among all the S-expansions of x)

quasi-greedy (maximal among all the 3-expansions of x not end with 0°°)

—~ ~ —~

quasi-lazy (minimal among all the S-expansions of x not end with m>)
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D. Kong and W. Li (2015):
f is the unique [y-expansion of 1
iff
0105 <Op---070,--0, 1 and Oy---0,0,--- 0, 1 <00,

forall 1< n<gq.
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Main Results

Let m,geN, 61,---,0, € {0,---, m} with 6, # 0 and 6 = (6,)n>1 be
the (m; 01, - ,04)-Thue-Morse sequence. Use o to denote the shift map.

Proposition (L., Adv. in Appl. Math., 2023)

The following are all equivalent.

(1) Forall0 < n<qg—1wehaveli-- 0q—n<Opi1---0g <O1-0g_n.

(2 >

(3) Forall n>1 we have ¢"6 < 0.
>

) For all n

)
(4) Foralln

)

)

1 we have 6 < ¢"0 < 6.
1 we have o"0 > 0.

(5
(6

Whenever 0, < m we have c"0 < 0.

Whenever 6, > 0 we have ¢"0 > 0.
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Main Results

Recall the (m; 01, - - - , 04)-Komornik-Loreti constant Sp.

Theorem (L., Adv. in Appl. Math., 2023)

(1) For all p € (1, m+ 1], if 0 is the greedy, lazy, quasi-greedy, quasi-lazy or
unique (-expansion of wg(0), then 8 = By.
(2) The following are all equivalent.

@ Forall0<n<qg—1we havem< Onr1---0g <01---0q—p.

(@ 0 is the unique [g-expansion of 1.

(®) 0 is the greedy By-expansion of 1.

@ 0 is the lazy Bo-expansion of 1.

(®) 6 is the quasi-greedy [g-expansion of 1.

® 0 is the quasi-lazy By-expansion of 1.

@ {B € (1,m+1]:0 is the unique S-expansion of m3(0)}=[Bs, m + 1].
{B € (1, m+ 1] : 0 is the greedy B-expansion of wz(0)}=[Be, m + 1].

© {B € (1,m+1]:80 is the lazy S-expansion of g (8)}=[Be, m + 1].

@ {B € (1,m+1]:0 is the quasi-greedy [B-expansion of wg(0)}=[Be¢, m + 1].
@ {B € (1,m+1]:0 is the quasi-lazy 3-expansion of w3 (6)}=[Be, m + 1].
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Main Results

Recall the classical Thue-Morse sequence (t,)n>o0-

Corollary (L., Adv. in Appl. Math., 2023)

Let B € (1,2] and consider the alphabet {0,1}. The following are all
equivalent.

(1) (tn)n>1 fs the unique B-expansion of wa((tn)n>1)-

(2) (tn)n>1 is the greedy (B-expansion of wg((tn)n>1)-

(3) (tn)n>1 is the lazy B-expansion of wg((tp)n>1)-

(4) (tn)n>1 fs the quasi-greedy (-expansion of ma((ty)n>1)-
(5) (tn)n>1 fs the quasi-lazy B-expansion of wg((tn)n>1)-
(6)

B > the classical Komornik-Loreti constant.
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Main Results

Thank you!
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